Abstract. In this paper, we study the gradient estimates for positive solutions to the
Introduction
Let ðM n ; gÞ be an n-dimensional complete noncompact Riemannian manifold. For a smooth real-valued function f on M, the drifting Laplacian is defined by
There is a naturally associated measure dm ¼ e Àf dV on M, which makes the operator s f self-adjoint. The N-Bakry-É mery Ricci tensor is defined by
for 0 a N a y and N ¼ 0 if and only if f ¼ 0: Here ' 2 is the Hessian and Ric is the Ricci tensor. Recently, there has been an active interest in the study of gradient estimates for the partial di¤erential equation. Wu [10] gave a local Li-Yau type gradient estimate for the positive solutions to a general nonlinear parabolic equation u t ¼ su À 'j'u À au log u À qu ð1:1Þ in M Â ½0; t, where a A R; f is a C 2 -smooth function and q ¼ qðx; tÞ is a function, which generalizes many previous well-known gradient estimates results. Theorem 1.1 (Wu [10] ). Let ðM n ; gÞ be an n-dimensional complete noncompact Riemannian manifold satisfying Ric N f ðB p ð2RÞÞ b ÀK :¼ ÀKð2RÞ for some constant Kð2RÞ b 0, where R > 0 and B p ð2RÞ is a metric ball. Assume that s f q a yð2RÞ and j'qj a gð2RÞ in B p ð2RÞ Â ½0; t for some constants yð2RÞ and gð2RÞ: Let uðx; tÞ be a positive smooth solution to Eq. (1.1) on M n Â ½0; t and let F :¼ log u: Then for any a > 1 and e A ð0; 1Þ; Fðx; tÞ satisfies
in B p ðRÞ Â ð0; t, where C 1 and C 2 are two absolute positive constants; and where a À :¼ minfa; 0g and a þ :¼ maxfa; 0g:
Zhu [12] investigated the fast di¤usion equation
and the author got the Hamilton's gradient estimates. Later, Huang and Li [4] considered the generalized equation
on Riemannian manifolds and got some interesting gradient estimates. Zhang and Ma [11] considered gradient estimates for positive solutions to the following nonlinear equation
on complete noncompact manifolds. When N is finite and the N-Bakry-É mery Ricci tensor is bounded from below, the authors in [11] got a gradient estimate for positive solutions of the above equation (1.2). Theorem 1.2 (Zhang and Ma [11] ). Let ðM n ; gÞ be a complete noncompact n-dimensional Riemannian manifold with N-Bakry-É mery Ricci tensor bounded from below by the constant ÀK ¼: ÀKð2RÞ, where R > 0 and Kð2RÞ > 0 in the metric ball B p ð2RÞ around p A M: Let u be a positive solution of (1.2). Then
where A ¼ ðN þ nÞða þ 1Þða þ 2Þ and c 1 , c 2 are absolute positive constants.
For interesting gradient estimates in this direction, we can refer to [1] , [2] , [5] - [7] .
Recently, Song and Zhao [9] In this paper, we will study the following Lichnerowicz equation
on complete noncompact manifolds, where h, p, q, A, B are real constants and p > 1, q > 1: We state our main results as follows. Theorem 1.3. Let ðM n ; gÞ be a complete noncompact n-dimensional Riemannian manifold with N-Bakry-É mery Ricci tensor bounded from below by the constant ÀK ¼: ÀKð2RÞ, where R > 0 and Kð2RÞ > 0 in the metric ball B 2R ð pÞ around p A M: Let u be a positive solution of (1.3) with u a M. Then
(1) if A > 0; B a 0, we have
where 
where 0 < b < 1 is a positive constant.
As an application, we get the following Liouville theorem. Theorem 1.5. Let ðM n ; gÞ be a complete noncompact n-dimensional Riemannian manifold with nonnegative N-Bakry-É mery Ricci tensor. Assume that A ¼ 0, B < 0 and h is nonnegative constant in equation (1.3) . Then the equation (1.3) does not have a positive bounded smooth solution.
Proof of Theorem 1.3
Let u be a positive solution to (1.3). Set w ¼ ln u, then w satisfies the equation
Lemma 2.1. Let ðM n ; gÞ be a complete noncompact n-dimensional Riemannian manifold with N-Bakry-É mery Ricci tensor bounded from below by the constant ÀK ¼: ÀKð2RÞ, where R > 0 and Kð2RÞ > 0 in the metric ball B p ð2RÞ around p A M n : For a smooth function w defined on M n Â ½0; þyÞ satisfies the equation (2.1), we have
where
and 0 < b < 1:
By the Bochner formula, we have
By the direct computation, we have
and we know
Since we know,
This implies that,
We complete the proof of Lemma 2.1. We take a C 2 cut-o¤ functionj j defined on ½0; yÞ such thatj jðrÞ ¼ 1 for r A ½0; 1,j jðrÞ ¼ 0 for r A ½2; yÞ, and 0 aj jðrÞ a 1: Furthermorej j satisfies It has been shown by Qian [8] that
Hence, we have
It follows that
Let x be a point in B 2R ð pÞ at which jF attains its maximum value P, and we assume that P is positive (otherwise the proof is trivial). At the point x, we have
This inequality together with the inequalities (2.2) and (2.3) yields js f F a HF ; ð2:4Þ where
At the point x, by Lemma 2.1,
Multiplying both sides of the above inequality by j and noting that 0 < j < 1, we have
Then we have
Using the inequality ax 2 À bx b Àb 2 =ð4aÞ, valid for a; b > 0, one obtains 
In the following, similar as the case (1), we can get the conclusion of case (2) in Theorem 1.3.
